The frequency-dependent conductivity is studied for the one-dimensional Hubbard model, using a selection rule, the Bethe ansatz, and symmetries associated with conservation laws. For densities where the system is metallic the absorption spectrum has two contributions, a Drude peak at ω = 0 separated by a pseudogap from a broad absorption band whose lower edge is characterized by a non-classical critical exponent. Our findings shed new light on the "far infrared puzzle" and other optical properties of metallic organic chain compounds.
Organic chain materials [1] have a broken symmetry ground state (GS) and at low critical temperatures T tr undergo transitions to unusual T > T tr states. Recent T > T tr optical measurements over a huge frequency range [1, 2] established a pseudogap feature together with a zero-frequency mode for the (T MT SF ) 2 X salts (T MT SF for tetramethyl tetraselena fulvalene.) These experiments have raised several important yet unresolved issues. The first [1] was related to the relevance of calculations based on the doped 1D Hubbard model. Although these materials have finite interchain hopping integrals t b and t c with t a >> t b >> t c [1] , hopping becomes less effective as the temperature or the frequency is increased and the along-chain hopping t a dominates.
In this Letter we study the optical conductivity of the 1D Hubbard model, σ 1 (ω) = 2πDδ(ω) + σ reg 1 (ω), where σ reg 1 (ω) is defined in Eq. (1) below. Schulz [3] used the Betheansatz (BA) solution to calculate D and to derive the total intensity of finite-frequency transitions. Our study refers to all parameter space where that intensity is significant.
Analytical calculations of σ reg 1 (ω) have so far been restricted to the insulator half filling phase in the limit of large onsite repulsion U [4] . In this case the optical gap occurs at E opt = U − 4t a , followed by an absorption band extending up to U + 4t a [4, 5, 6] . Our study confirms the expectation [1] that calculations based on the doped 1D Hubbard model are relevant for the theoretical understanding of recent optical experiments [1, 2] . In the metallic phase we find that the finite-frequency transitions are limited to a well-defined band above a pseudogap (which is actually smallest at half filling). The occurrence of such pseudogap agrees with predictions from exact diagonalizations which have found practically almost no low-frequency (ω = 0) absorption at the metallic phase [7] . By combining symmetries associated with conservation laws [8] with the approach of Ref. [9] , we are able to derive the exponent for the frequency dependence above the absorption edge (and below the top edge for half filling). We confirm [1] that the existence of a pseudogap in the charge excitations with the absence of a gap for spin excitations is an indication of charge-spin separation in the metallic state and that that separation is distinct from that of a 1D Tomanaga-Luttinger liquid (TLL), in which both excitations are gapless [1] . We characterize the nature of the unusual metallic state which following Ref. [1] we call doped-Mott-Hubbard liquid (DMHL).
Our study reveals that in the case of the 1D Hubbard model previous naive TLL theoretical studies [10] of σ reg 1 (ω) do not apply to values of ω larger than the pseudogap. In contrast to previous predictions [2] , we find that the phenomenon of suppressed far infrared conductivity is of 1D character and follows from a parity selection rule which also occurs at higher dimensions. However, only at 1D is this selection rule effective in preventing far infrared conductivity transitions. For instance, in the 2D case doping away from half filling induces significant mid-infrared absorption [7, 11] . These results seem to indicate that although for low temperatures just above T tr the small interchain coupling might lead to 2D character for some of the properties of the (T MT SF ) 2 X salts, in what the conductivity along the chains is concerned the main role of that coupling is equivalent to small doping on the single chains, which otherwise remain of 1D character, with the electrons confined in each chain. We choose a density n = N/N a in the interval 0 ≤ n ≤ 1 with even N and zero magnetization and define k F = πn/2. We use units such that −e =h = 1, where −e is the electronic charge. The conductivity can be written as
and is also given by σ
is the current operator, the summation runs over energy eigenstates,
is the charge-charge response function, , respectively. The GS is then necessarily an eigenstate of the parity operator,P π , which moves electrons from sites j to N a + 1 − j, j = 1, ..., N a , and has eigenvalues ±1. Importantly, in the present modelP π commutes with the Hamiltonian and anticommutes with the current operator. This implies immediately that the states |0 and J|0 have opposite parities, a key selection rule for optical transitions. The final states |ν can be characterized in terms of holons, antiholons, spinons [12, 13] , and a charge-transfer band (CTB) [14] . The holon/antiholon and spinon bands describe low-energy charge and spin excitations, whereas the CTB is associated with the upper Hubbard band [3] . We use the labels α = c, s, t for the holon/antiholon band, the spinon band, and the CTB, respectively
[14], and the quantum number β for distinguishing between holons (β = − ) and antiholons
) [13, 14] . In the present context, the excitations that couple to the GS are such that the s band is empty of spinons, the c band can be populated by holons and by zero or one antiholon, and the t band can have occupancy zero or one. The momentum variable has the form q j = 2π Na 
and the mass 1/m * α ≡ |dv α (q)/dq| q=q F α are also important quantities. In the parameter region of appreciable oscillator strength for optical transitions, which corresponds to n = 1 and to densities close to n = 1 for large enough (but not too large) values of U [3] , the CTB
either vanishes (n = 1) or is very small. There is nearly no oscillator strength for U < U * , where
decreasing function of n given by U * = 0 (U * = 4t) for n → 1 (n → 0).
The main transitions contributing to σ 
We find below that for n = 1 (or n = 1) E opt is a pseudogap (or a gap). Importantly, for ω < E opt the final-state Hilbert subspace is spanned by states with no occupancy in the t band. In this case the excitations are described by holons and spinons and at low values of ω and n = 1 the quantum liquid is a TLL. On the other hand, for ω > E opt the final-state subspace is spanned by states also involving t occupation, the charge and spin excitations remaining separated and described by holons and spinons. For n = 1 this c, s, and t quantum liquid describes the DMHL. The collisions involving holons, antiholons, spinons, and t particles do not lead to energy and momentum transfer and only give rise to shifts in the phases of these elementary particles.
We find below that for both the TLL and DMHL the critical exponent expressions are simply a linear superposition of the phase-shift parameters ξ
with j = 0, 1. Here Φ αα ′ (q, q ′ ) are the two-particle forward-scattering phase shifts defined by field theory (CFT) dressed-charge matrix [16] . The TLL critical expressions involve v c , v s , and K ρ [3] . On the other hand, the low-energy (ω − E opt ) > 0 DMHL critical theory (above the pseudogap) is a three-component quantum liquid of the general type studied in Ref. [9] and involves v c , v s , m * t , and the 18 parameters ξ j αα ′ . Importantly, some of these parameters are n and U dependent and cannot be expressed in terms of the TLL quantity K ρ . (The n = 1 and (ω − E M H ) > 0 critical theory is also of that type and involves v s , m * c , and m * t .)
The transitions of type (a) do not exist at n = 1 and we show first that, as a consequence of the selection rule presented above, they have a very small weight for n < 1. These are excitations within the holon band which can be characterized in terms of single and multiple electron-hole excitations [17] . Single electron-hole excitations give no contributions to the finite-frequency absorption, while multiple excitations are expected to decrease very rapidly in intensity. For low ω we evaluate σ
, with the charge-charge correlation function χ ρ (x, t) obtained directly from CFT [16] . Double excitations, which would give a contribution σ 1 (ω) = C 3 ω 3 , are forbidden by the parity selection rule and thus C 3 = 0, since these transitions require symmetrical changes of holon occupancies at q and −q, leaving the parity unchanged. This explains why the ω 3 absorption
was not observed in optical experiments [2] . Higher-order low-energy processes would give rise to σ 1 (ω) = C 7 ω 7 for n = 1 and to σ 1 (ω) = A j ω 4j 2 Kρ−1 for n = 1/j with j = 2, 3, 4...
(due to Umklapp processes). [These two exact low-ω CFT expressions can be obtained by
multiplying the perturbative expressions ω 3 and ω 4j 2 Kρ−5 , respectively, of Ref. [10] by the factor ω 4 , which is missing in the latter two expressions.] Since these processes require multiple excitations in the holon band, they have extremely low spectral weight and C 7 , A j ≈ 0.
These considerations explain why numerical studies yield so weak features at low frequencies [7] . While in 1D theP π eigenvalues ±1 are directly related to the right and left state occupancies and the selection rule is very restrictive, at higher dimensions it is less effective because there are many angular-momentum channels which lead to significant spectral weight at small values of ω [11] . The weakness of type (a) transitions implies that the onset of type (b) transitions at E opt represents a pseudogap which for n < 1 and U > U * looks like a true gap in an actual experiment [1, 2] . E opt , shown in Fig. 1 (a) , increases with increasing U and decreases with increasing density. For n = 1 it coincides with the Mott-Hubbard gap,
Since larger interchain transfer integral t b means larger effective doping for the single chains, this theoretical result is fully consistent with the experimental data of Fig. 3 of Ref. [1] . The important processes for the type (b) transitions are those where in addition to a particle at q ′ in the t band a holon-antiholon pair is created in the c band at q and q ′ − q (with q ′ = 0 for n = 1). This leads to final states whose excitation energy has its minimum and maximum values at ω = E opt and ω = E opt + ∆ω opt , respectively. Here
This spectral range agrees with large U expansions [4] and numerical calculations [5, 7] . For n = 1 there are only these final states and for n < 1 the missing multipair processes contain nearly no spectral weight. The current operator cannot produce more than one doubly occupied site. Since from the results of Refs. [14, 17] we find that creating one t particle involves processes which create one of these sites, there will be almost no spectral weight above the upper edge at ω = E opt +∆ω opt .
The evaluation of the line shape is a very difficult problem. We could solve it both for n ≤ 1 and the region immediately above threshold and for n = 1 and energies immediately below the top absorption edge. Since the number operatorsN α are conservation laws [8] and the t band is quadratic for small q, the low-energy spectrum of the Conservation-Laws
, is of the type studied in Ref. [9] . The use of the non-linear band approach of that reference allows the evaluation of asymptotic expressions for the charge-charge correlation function ofĤ CL , χ and (iii) for the final subspace relevant to the conductivity, the difference in energies is E opt = ψ|Ĥ|ψ − ψ|Ĥ CL |ψ and is the same for all final states |ψ in that subspace.
Using these results, we can show that the corresponding leading term in the Hubbard model correlation function is of the form χ ρ (x, t) = e iEoptt χ CL ρ (x, t). This provides
for small values of both k and (ω − E opt ) > 0 which for n < 1 leads to σ both as n → 1 at finite U and as U → ∞, and it increases with decreasing values of U. C increases with increasing n and for U < U * is vanishing small. Consistently with the n < 1 results, at n = 1 we find σ
for all finite values of U, in contrast to the naive
prediction of Ref. [10] . At n = 1 we could also find that σ reg 1 (ω) has a maximum at ω = ω 0 with E M H < ω 0 ≤ E M H + 4t a and ω 0 → E M H + 4t a as U → ∞, and that for energies immediately below the top conductivity edge at
. At U large the ratio C ′ /C equals one and the conductivity absorption is symmetric around ω = ω 0 = E M H + 4t a ≈ U, in agreement with the results of Refs. [4, 6] . However, C ′ /C decreases with decreasing U and ω 0 is shifted to lower values of ω.
In this case σ 1 (ω) is not symmetric around ω 0 and a dependence σ 1 (ω) ∝ ω −γ is expected for a conductivity descending region of intermediate ω values of the domain ω ∈ (ω 0 , E opt +8t a ).
(In contrast to the onset exponent ζ, γ cannot be calculated within our critical theory and the use of TLL [2, 10] 
